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We investigate a quantum battery made of N two-level systems, which is charged by an optical
mode via an energy-conserving interaction. We quantify the fraction of energy stored in the battery
that can be extracted in order to perform thermodynamic work. We first demonstrate that this
quantity is highly reduced by the presence of correlations between the charger and the battery
or between the subsystems composing the battery. We then show that the correlation-induced
suppression of extractable energy, however, can be mitigated by preparing the charger in a coherent
optical state. We conclude by proving that the charger-battery system is asymptotically free of such
locking correlations in the N →∞ limit.
Introduction.—The possibility of using quantum phe-
nomena for technological purposes is currently a very
active research field. In this context, an interesting re-
search topic is that of “quantum batteries” (QBs) [1–9],
i.e. quantum mechanical systems which behave as effi-
cient energy storage devices. This is motivated by the
fact that genuine quantum effects, such as entanglement
or squeezing, can typically boost the performances of
classical protocols, e.g. by speeding up the underlying
dynamics [10, 11]. The advantage provided by quantum
correlations in the charging (or discharging) process of a
QB has been discussed in a fully abstract fashion [1–4]
and, more recently, for concrete models that could be
implemented in the laboratory [5–7]. Up to now, re-
search efforts have been mostly focused on maximizing
the stored energy, minimizing the charging time or max-
imizing the average charging power [3–7]. A “good” QB,
however, should not only store a relevant amount of en-
ergy, but also have the capability to fully deliver such
energy in a useful way which, said in thermodynamic
terms, is the capability of performing work. This ob-
servation is not a negligible subtlety, since in quantum
information theory it is well known that correlations and
entanglement may induce limitations on the task of en-
ergy extraction [1, 12–16]. We are therefore naturally led
to face a somewhat frustrating situation in which quan-
tum correlations have simultaneously both a positive and
a negative effect in the process of energy storage. On one
hand, they can speed up the charging time of QBs, while,
on the other hand, they can pose a severe limit on the
work that can be actually extracted from it.
In this work we shed some light on the competition be-
tween the aforementioned positive and negative aspects
of quantum correlations, by analyzing the case of N two-
level systems (qubits) charged via a single optical mode,
the so-called Tavis-Cummings model [17, 18], which is
FIG. 1. (Color online) The charging protocol of a quantum
battery. At time t < 0 the two systems A (i.e. the charger)
and B (i.e. the battery) do not interact and cannot exchange
energy. In the time interval 0 < t < τ , the coupling Hamilto-
nian H1 is switched on and the two subsystems interact with
a coupling strength g. Finally, the interaction is switched off
at time τ and, after that, the energy stored in the battery B,
EB(τ), is conserved.
known to provide an effective description of experimen-
tally feasible many-body systems in circuit-QED [19–22].
Our findings show that in the case of QBs involving a
small number of qubits the energy locked by correlations
can be large and must be taken into account for a rigor-
ous and fair analysis of the performance of the QB itself.
Luckily, however, this negative effect can be strongly re-
duced by an optimization over the initial state of the
charging system, i.e. by properly preparing the initial
state of the charger. Moreover, in the thermodynamic
N → ∞ limit of many qubits, the fraction of locked en-
ergy becomes negligible, independent of the initial state
of the charger. We argue that this is a general property
of quantum charging processes of closed Hamiltonian sys-
tems, which can be applied to other schemes (e.g. those
analyzed in Ref. [7]) beyond the specific setup presented
here, being ultimately linked to the integrability of the
dynamics and not depending on the details of the latter.
Mean energy versus extractable work.—We start by
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2defining a general model for the charging process of a
QB, schematically represented in Fig. 1. Here a first
quantum system A acts as the energy “charger” for a sec-
ond quantum system B that instead acts as the battery
of the model. They are characterized by local Hamil-
tonians HA and HB respectively, which, for the sake of
convenience, are both selected to have zero ground-state
energy. Later on we shall also assume B to be composed
by N non-mutually interacting elements: for the mo-
ment however this assumption is not relevant, and we
don’t invoke it yet. At time t = 0 the system starts in
a pure factorized state |ψ〉A ⊗ |0〉B, with |0〉B being the
ground state of HB, and |ψ〉A having mean local energy
EA(0) := A〈ψ|HA|ψ〉A > 0. By switching on a coupling
Hamiltonian H1 between the two systems, our aim is to
transfer as much energy as possible from A to B, in some
finite time interval τ , the charging time of the protocol.
For this purpose, we write the global Hamiltonian of the
model as
H(t) ≡ HA +HB + λ(t)H1 , (1)
where λ(t) is a classical parameter that represents the
external control we exert on the system, and which we
assume to be given by a step function equal to 1 for
t ∈ [0, τ ] and zero elsewhere. Accordingly, indicating
with |ψ(t)〉AB the evolved state of the system at time t,
its total energy E(t) := AB〈ψ(t)|H(t)|ψ(t)〉AB is constant
at all times with the exception of the switching points,
t = 0 and t = τ , where some non-zero energy can be
passed on AB by the external control. (See Ref. [7] for
a detailed analysis on the energy cost of modulating the
interaction.) For the sake of simplicity, we set these con-
tributions equal to zero by assumingH1 to commute with
the local terms HA +HB [23]. Under this condition, the
energy that shifts from A to B can be expressed in terms
of the mean local energy of the battery at the end of the
protocol, i.e. the quantity
EB(τ) ≡ tr[HBρB(τ)] , (2)
ρB(τ) being the reduced density matrix of the battery
at time τ . The next question to ask is which part of
EB(τ) can be extracted from B without having access to
the charger (a reasonable scenario in any relevant prac-
tical applications where the charger A is not available to
the end user), and what is instead locked by the corre-
lations AB have established during the charging process.
A proper measure for this quantity is provided by the er-
gotropy [24] of the state ρB(τ). We remind that given a
quantum system X characterized by a local Hamiltonian
H, the ergotropy E(ρ,H) is a functional which measures
the maximum amount of energy that can be extracted
from a density matrix ρ of X without wasting into heat.
A closed expression for this quantity can be obtained in
terms of the difference
E(ρ,H) = E(ρ)− E(ρ˜) , (3)
0 pi/2 pi 3pi/2 2pi√
Ngτ
0
1/2
1
FIG. 2. (Color online) The energy E
(N)
B (τ) (solid black
line), the ergotropy E(N)B (τ) (dashed red line), the energy
E
(N)
A (τ) (dotted blue line), and the ratio E(N)B (τ)/E(N)B (τ)
(dash-dotted green line) are shown as functions of
√
Ngτ . All
quantities are measured in units of Nω0. Numerical results
in this figure have been obtained by choosing a coherent state
for N = 8.
between the mean energy E(ρ) = tr[Hρ] of the state ρ
andthat, E(ρ˜) = tr[Hρ˜], of the passive counterpart ρ˜ of
ρ [24–30]. The latter is defined as the density matrix of
X which is diagonal on the eigenbasis of H and whose
eigenvalues correspond to a proper reordering of those
of ρ, i.e. ρ˜ =
∑
n rn |n〉 〈n| with ρ =
∑
n rn |rn〉 〈rn|,
H = ∑n n |n〉 〈n|, with r0 ≥ r1 ≥ · · · and 0 ≤ 1 ≤
· · · , yielding E(ρ˜) = ∑n rnn. Notice that, if we set the
ground-state energy to zero (0 = 0) and if the state is
pure, then E(ρ˜) = 0 and the ergotropy coincides with
the mean energy of ρ, i.e. E(ρ,H) = E(ρ). On the con-
trary, if the state is mixed, the extractable work is in gen-
eral smaller than the mean energy, i.e. E(ρ,H) < E(ρ).
Since, in the problem at hand, the global system dynam-
ics of AB is unitary and the initial state ρAB(0) of the
charger-battery system is pure, ρAB(t) remains pure at
all times. However, the local state of the battery ρB(τ)
will be in general mixed because of its entanglement with
the charger introducing a non-trivial gap between its er-
gotropy
EB(τ) ≡ E(ρB(τ),HB) , (4)
and the energy EB(τ) it stores at the end of the charg-
ing process, see Eq. (2). As we will show below, the
former can be much smaller than the latter for the ex-
perimentally relevant case of a system composed by a
small number of battery elements [31, 32].
Results.—For the sake of concreteness and the fea-
sibility of its experimental realization, in the remain-
3ing of this work we focus on a definite model in which
the charger A is a photonic cavity coupled via energy-
conserving terms to a array of N non-mutually interact-
ing qubits that act as the battery B [6]. The microscopic
Hamiltonian is therefore the one of the Tavis-Cummings
model [17, 18]: HA = ω0a†a, HB = ω0
∑N
i=1 σ
+
i σ
−
i ,
H1 = g
∑N
i=1(aσ
+
i + a
†σ−i ), where a (a
†) is a bosonic
annihilation (creation) operator, σ±i are raising/lowering
spin operators for the i-th qubit, ω0 is the character-
istic frequency of both subsystems, and g the coupling
strength (~ = 1 throughout this work). In this setting
we compare the final maximum extractable work mea-
sured by the ergotropy E(N)B (τ) and the mean energy
E
(N)
B (τ) of the battery with respect to different initial
states |ψ〉A of the charger (the label N being added to
put emphasis on the size of the B system). We restrict
the analysis to three typical quantum optical states [33]:
a Fock state, a coherent state, and a squeezed vacuum
state, all having the same input energy E
(N)
A (0), which
we set equal to Nω0 in order to ensure that it matches
the full energy capacity of the battery. In Fig. 2 we
show the stored energy E
(N)
B (τ), the energy of the charger
E
(N)
A (τ) ≡ tr[HAρA(τ)], and ergotropy E(N)B (τ) as func-
tions of the duration τ of the charging protocol, for the
case of the input coherent state. We clearly see that
for
√
Ngτ . pi/4 the difference between ergotropy and
energy is relatively small. Conversely, correlations that
emerge between A and B at long times yield an energy
and an ergotropy that are significantly different.
We now focus on the main point of this work, i.e. a
comparison between the fraction of extractable work with
respect to the total mean energy of the battery. Con-
sistently with previous approaches already used in the
literature [3, 6], we fix the duration of the protocol to
the value τ = τ¯ which ensures the maximum value
for the average charging power P
(N)
B (τ) ≡ E(N)B (τ)/τ ,
i.e. P
(N)
B (τ) ≤ P (N)B (τ¯).
As explicitly discussed in Ref. [34], we start by ob-
serving that all initial states exhibit the same P
(N)
B (τ¯) ∝
N3/2 scaling reported in Ref. [6], where only Fock states
were considered. This corresponds to a τ¯ ∝ 1/√N col-
lective speed-up of the charging time, which is indepen-
dent of the initial state of A, and valid, in particular, for
a semi-classical coherent state. Highly non-classical ini-
tial states are therefore not necessary for optimizing the
charging part of the protocol.
Next, in Fig. 3(a) we illustrate the dependence of the
ratio E(N)B (τ¯)/E(N)B (τ¯) on the number N of qubits and
for the three selected initial states. We clearly see two
important facts: (i) for small N , the extractable work
can be much smaller than the mean energy of the bat-
tery and coherent input states appear to be optimal;
(ii) for large values of N , almost all the mean energy
of the battery becomes extractable, a result which jus-
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FIG. 3. (Color online) Panel (a) The ratio E(N)B (τ¯)/E(N)B (τ¯)
as a function of N for three initial states of the charger: a
Fock state (red circles), a coherent state (blue triangles), and
a squeezed state (green squares). We fit the last five points
of all sets of numerical data with curves that converge to 1
with a 1/N scaling (dashed lines). Panel (b) The quantity[E(M)B (τ¯)/M]/[E(N)B (τ¯)/N] as a function of M ≤ N . Color
coding as in panel (a). Data in panel (b) have been obtained
by setting N = 8.
tifies a posteriori previous asymptotic approaches [3, 6]
to QBs in which only the mean energy was considered
as a figure of merit. Fig. 3(b) shows the amount of en-
ergy that can be extracted from a fraction of M ≤ N
qubits (and normalized by M) divided by the same quan-
tity evaluated for all N qubits (and normalized by N),
i.e.
[E(M)B (τ¯)/M]/[E(N)B (τ¯)/N]. This ratio describes the
fraction of energy that can be extracted when only op-
erations on a subset of M qubits are allowed. This is of
interest because performing operations on all qubits may
be experimentally challenging. Our results show, how-
4ever, that this is in general not necessary. Indeed, our
illustrative results for N = 8 demonstrate that operat-
ing on a subset of just M = 4 is already sufficient to
extract more than ≈ 3/4 of all the available work. We
further note that also in this case the coherent states are
optimal. The fraction of extractable work from these ini-
tial states is weakly affected by the limitation to local
operations on M ≤ N qubits, and is practically constant
and close to 1. These makes coherent states ideal initial
charging states for QBs —see also Ref. [34].
Discussion and summary.— We now comment on the
two main results emerging from our numerical analysis,
i.e. the optimality of coherent states for small N and the
asymptotic freedom of the charger-battery system from
locking correlations in the N  1 limit.
Regarding the first issue, we observe that from the er-
gotropy definition (3), it is clear that the more mixed
a state is, the more difficult it is to extract its energy,
a fact which is analogous to the difficulty of extracting
work from a classical thermodynamic system with large
entropy. Since in our model the joint AB state is pure,
the entropy of the reduced density matrix of the battery
is a consequence of its entanglement with the charger.
We can therefore say that, for what concerns the capa-
bility of work extraction, it is convenient to produce as
little entanglement as possible between the charger and
the battery. From this argument, we naturally conclude
that highly non-classical initial states of the charger (such
as Fock or squeezed states), which induce a complex and
entangling dynamics, are not optimal for work extrac-
tion. On the contrary, we expect semi-classical states
like coherent states, which are well known in quantum
optics for producing small entanglement under energy-
conserving interactions, to be optimal for maximizing the
final ergotropy of the battery (while maintaining the col-
lective speed-up of the charging time). This argument
provides a simple yet natural qualitative explanation of
our numerical results.
For what concerns instead the asymptotic freedom
from locking correlations in the N → ∞ limit, we ar-
gue that this is not a peculiar feature of our model but
rather a much more universal fact that applies to all those
systems whose dynamics is restricted to a small part of
the Hilbert space, a phenomenon intrinsically connected
with the integrability of the model. In order to under-
stand this point we start again from our previous obser-
vation that the charger-battery entanglement is the main
limiting factor for the task of work extraction. It is well
known that the entanglement entropy of the subsystems
of an integrable system usually fails to scale with their
size. This phenomenon is also known under the name
of area law [37–39]. On the contrary, the energy is an
extensive quantity, which grows linearly with the size of
our battery. For this reason, we expect that the relative
ratio between the locked and the extractable energy is
negligible in the N → ∞ limit. A way to put this ob-
servation on a more rigorous ground is via a result we
prove in Sect. IV of Ref. [34]: namely that if the sys-
tem B is composed of N resonant qubits and the number
of non-null eigenvalues of the density matrix ρB scales
polynomially in N , than all its energy is accessible in the
thermodynamic limit, i.e.
lim
N→∞
E(N)B /E(N)B = 1 , (5)
the limit being achieved with a finite-size 1/N scaling, as
in Fig. 3(a).
Now, one can identify at least two relevant classes
of models which fulfil the requirements listed above.
The first is represented by systems which, as our inte-
grable [40] Tavis-Cummings QB model, are characterized
by energy preserving interactions, i.e. [H1,H0] = 0, and
which have a single charger A with a not highly degener-
ate spectrum and initialized into an input configuration
with a sufficiently well behaved energy distribution (e.g. a
Fock or a coherent state). In this case, assuming as usual
the initial mean energy of A to be proportional to N ,
the number of relevant eigenvalues of its density matrix
ρA(τ) at the end of the charging process will be upper
bounded by a quantity d that scales at most polynomially
with N . (As a matter of fact, for the Tavis-Cummings
QB model the scaling of d is indeed linear with N , see
e.g. Refs. [6, 41].) This is a simple consequence of the fact
that the energy of A can only be reduced by the interac-
tion with the battery, initially in its ground state. Since
the global state of the complete system is pure, the spec-
trum of ρA(τ) will be equal to the spectrum of ρB(τ) [42]
making the number of its non-negligible eigenvalues also
equal to d, and hence ultimately leading to Eq. (5).
The second class of models for which we expect Eq. (5)
to hold, are those where the dynamics of the QB is re-
stricted to a small subspace of the entire exponentially
large Hilbert space due to the conservation of some oper-
ator and the form of the initial state. A notable example
is the Dicke model [43], which exhibits conservation of
(J (N))2. In this case, the initial state for the battery has
a definite eigenvalue for (J (N))2, namely J = N/2, and
hence all the dynamics of B lies in the subspace with a
definite J leading once more to Eq. (5), as we explicitly
show, via numerical analysis in Sect. V of Ref. [34].
In summary, by studying a physically well motived QB
model, we found that, for a small number of batteries (as
in current state-of-the-art solid-state technology [19–22]),
the extractable energy can be significantly smaller than
the mean energy stored in the devices. This negative ef-
fect strongly depends on the choice of the initial state of
the charger and we found that coherent states are opti-
mal for mitigating this phenomenon. For a large number
of the batteries, instead, we found that the extractable
energy converges to the stored energy. We also argued
that this a rather universal phenomenon characterizing
all charger-battery systems in which the amount of en-
5tanglement is not extensive with respect to the size N of
the battery.
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In this Supplemental Material we provide additional information on the explicit form of the initial states mentioned
in the main text and the scaling of the average charging power with N for these states. Finally, we also elaborate on
why the coherent state is optimal for the ergotropy.
Explicit form of the three initial states of the charger
We here provide the explicit form of the three initial
states studied in our work, i.e. a Fock state, a coherent
state, and a squeezed state:
|n〉A =
(a†)n√
n!
|0〉 ,
|α〉A = exp
(
αa† − α∗a
)
|0〉 ,
|z〉A = exp
(za2 − z∗(a†)2
2
)
|0〉 , (S1)
where |0〉 is the vacuum of the cavity. The three param-
eters n, α, and z, are fixed by the requirement to have
input energy equal to E
(N)
A (0) = Nω0. We therefore have
n = N , α =
√
N , and z = arcsinh(
√
N).
Scaling of the maximum average charging power
Here, we study the maximum average charging power
P
(N)
B (τ¯) as a function of N , for the three initial states in-
troduced in the main text and in the previous section
of this file. In Fig. S1 panel (a) we report a log-log
scale plot of P
(N)
B (τ¯)/N as a function of N . A simple
inspection of this plot shows that P
(N)
B (τ¯)/N ∝
√
N ,
independently of the initial state. Now, by definition,
P
(N)
B (τ¯) = E
(N)
B (τ¯)/τ¯ . Since E
(N)
B (τ¯) is an extensive
quantity, the collective advantage P
(N)
B (τ¯)/N ∝
√
N
stems from the scaling τ¯ ∝ 1/√N of the optimal time.
In Fig. (S1) panel (b) we report a log-log scale plot of τ¯
as a function of N , which confirm the scaling 1/
√
N .
Optimality of coherent states for work extraction
In this Section we offer an argument that explains why
coherent states with an high number N of average exci-
tations create weak correlations between A and B for rel-
atively small times
√
Ngτ . pi/3, B being initially in the
ground state. We start by rewriting the Tavis-Cummings
Hamiltonian in terms of collective spins operators:
J (N)z ≡
1
2
N∑
i=1
σzi (S2)
and
J
(N)
+ ≡
[
J
(N)
−
]†
=
N∑
i=1
σ+i . (S3)
The Hamiltonian then reads
HA = ω0a†a ,
HB = ω0
[
J (N)z +
N
2
]
,
H1 = g
[
aJ
(N)
+ + a
†J (N)−
]
. (S4)
We now use the Holdstein-Primakoff transformation [S1]
to express the collective spin operators in terms of aux-
iliary harmonic oscillator operators b and b†: J (N)z =
(b†b−N/2) and J (N)+ = b†
√
N
√
1− b†b/N . If we are in-
terested only in the first few excitations of the spectrum
we can neglect terms like b†b/N (since N  1). In this
case, we have J
(N)
+ ≈ b†
√
N , obtaining
HA = ω0a†a ,
HB = ω0b†b ,
H1 ≈ g
√
N(ab† + a†b) . (S5)
The total Hamiltonian is now approximately the one of
two harmonic oscillators coupled via a quadratic term.
When this approximation holds, an initial coherent state
remains a coherent state under time evolution, i.e.
|Ψ(t)〉 = exp(−iHt) |
√
N〉A ⊗ |0〉B
= |
√
N cos(gN t)〉A ⊗ |−i
√
N sin(gN t〉B , (S6)
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FIG. S1. (Color online)Panel (a) The maximum average
charging power P
(N)
B (τ¯) (in units of Ngω0) is plotted as a
function of N in a log-log scale. Different symbols refer to
three initial states of the charger: a Fock state (red circles),
a coherent state (blue triangles), and a squeezed state (green
squares).We plot a black solid line with slope 1/2 in the log-
log scale, indicating the
√
N scaling.Panel (b) The time cor-
respondig to the maximum average charging power average
charging power τ¯ is plotted as a function of N in a log-log
scale. We plot a black solid line with slope −1/2 in the log-
log scale, indicating the 1/
√
N scaling.
where gN =
√
Ng and |α(t)〉 is the coherent state de-
fined by the displacement parameter α(t). The energy
stored in B, as calculated from Eq. (S5), is EB(τ) ≈
Nω0 sin
2(gN t) and is independent of the initial state.
The large-N bosonic approximation is good only for
small times, i.e. for
√
Ngτ  1, when the battery
is poorly charged and highly excited states are empty.
Furthermore, we can verify a posteriori the condition
b†b/N  1 by calculating the occupation number in
0 pi/2 pi√
Ngτ
0
1/2
1
E
(N
)
B
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)/
(N
ω
0
)
FIG. S2. (Color online) The stored energy E
(N)
B (τ) (in units
of Nω0) as a function of
√
Ngτ . The black solid line denotes
the energy calculated from the approximate Hamiltonian (S5).
Dashed lines denote the energy as calculated numerically from
the exact dynamics, for three initial states of the charger: a
Fock state (red), a coherent state (blue), and a squeezed state
(green). Filled symbols denote the value of the energy at the
optimal time τ¯ .
B within the approximation. This yields 〈b†b〉 /N =
sin2(gN t) 1, which works for
√
Ngτ  1.
In Fig. S2 we compare the energy E
(N)
B calculated
within the large-N bosonic approximation (black solid
line) with that calculated from the exact dynamics. In
addition, we indicate by filled symbols the value E
(N)
B (τ¯)
evaluated at the optimal time τ¯ . We clearly see that at
the optimal time τ¯ the large-N bosonic approximation is
qualitatively correct.
In Fig. S3 we finally present the energy E
(N)
B (τ), the er-
gotropy E(N)B (τ), and the energy E(N)A (τ) for Fock (panel
a) and squeezed input states (panel b). Comparing these
plots with those obtained for the case of the coherent in-
put presented in Fig. 2 of the main text, the optimality
of this last in terms of the relation between ergotropy of
B and its mean energy clearly emerges. Figure. S3 panel
(b) also show that the squeezed input exhibits a poor
performance also in terms of net mean energy transfer.
Proof of Eq. (6)
In this Section we provide a proof for Eq. (6) of the
main text, i.e. we show that limN→∞ E(N)B /E(N)B → 1, or
more precisely, that
lim
N→∞
E
(N)
B − E(N)B
E
(N)
B
→ 0 (S7)
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FIG. S3. (Color online) Panel (a) The energy E
(N)
B (τ)
(solid black line), the ergotropy E(N)B (τ) (dashed red line),
the energy E
(N)
A (τ) (dotted blue line), and the ratio
E(N)B (τ)/E(N)B (τ)(dash dotted green line) are shown as func-
tions of
√
Ngτ . All quantities are measured in units of Nω0.
Numerical results in this figure have been obtained by choos-
ing a Fock state for N = 8. Panel (b) The same quantities
for a squeezed initial state .
whenever ρB(τ) has a number N of non-zero eigenvalues
λi which is at most polynomial in N , i.e. N ≤ αNk
for some α, k > 0. This assumption results in a von
Neumann entropy S(ρB(τ)) of the reduced system, which
scales at most as logN .
We first notice that the numerator of Eq. (S7) can be
rewritten as E
(N)
B − E(N)B = trB[HBρ˜B], where ρ˜B is the
passive state corresponding to ρB and HB.
We then define ρ¯B as the density matrix diagonal in
the energy basis of HB such that its first αNk eigenval-
ues are non-zero and all equal, i.e. λ¯i = 1/(αN
k) for
i = 1 . . . αNk. It is now useful to revise the concept of
majorization [S2]: a state ρ majorizes another state ρ′
(and we write ρ  ρ′) if the eigenvalues of the density
matrices satisfy:
∑n
i=1 λi ≥
∑n
i=1 λ
′
i, for all n, where
λi (λ
′
i) are the eigenvalues of ρ (ρ
′) in descending order.
Notice then that ρ¯B is a passive state and that it is ma-
jorized by ρ˜B: i.e. ρ˜B  ρ¯B.
It is now useful to write
trB[HBρ˜B]− trB[HBρ¯B] =
∑
i
(Bi+1 − Bi )
×
i∑
j=1
(λj − λ¯j) , (S8)
which appears to be a negative quantity due to the fact
that the energies are ordered, i.e. (Bi+1 − Bi ) ≥ 0, and
ρ˜B  ρ¯B. Accordingly, we arrive at the following inequal-
ity
E
(N)
B − E(N)B = trB[HBρ˜B] ≤ trB[HBρ¯B] . (S9)
(See also Ref. [S3].) We now observe that the spectrum
of B is highly degenerate. Since we have N identical
qubits, we have N + 1 degenerate energy levels, and the
j-th level is
(
N
j
)
times degenerate. For large N we can
use the Stirling approximation
(
N
j
) ∼ N j . If we select
the level j = k+1 for large enough N we can construct a
state ρ
(k)
B within this degenerate subspace that populates
equally αNk of these
(
N
k
)
states, where each state has
energy kω0. As this state has the same spectrum of ρ¯B,
there is a unitary operation Uk such that ρ
(k)
B = Ukρ¯BU
†
k .
Now, recalling that ρ¯B is a passive state, the following
inequality holds true: trB[HBρ¯B] ≤ trB[HBρ(k)B ] = k ω0,
which inserted into Eq. (S9) yields
E
(N)
B − E(N)B ≤ kω0 . (S10)
Equation (S7) finally follows from the observation that
the energy is extensive, i.e. that E
(N)
B ∼ Nω0, so that
(E
(N)
B − E(N)B )/E(N)B ∼ k/N , which goes to zero as N →
∞. We also note that from this proof we can infer a
convergence to unity scaling as 1/N .
Validity of our main results for the case of the Dicke
model
In this Section we study how our analysis can be ger-
enalized to the Dicke model [S4, S5], described by the
Hamiltonian
HA = ω0 a†a , (S11)
HB = ω0
N∑
i=1
σ+i σ
−
i , (S12)
H1 = g
N∑
i=1
(
a + a†
)
σxi , (S13)
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FIG. S4. (Color online) Panel (a) The ratio E(N)B (τ¯)/E(N)B (τ¯)
as a function of N for three initial states of the charger: a
Fock state (red circles), a coherent state (blue triangles), and
a squeezed state (green squares). Numerical results in this
figure have been obtained for the Dicke model and g/ω0 =
0.2. We fit the last five points of all data sets with a 1/N
convergence to 1. Panel (b) Same as in panel (a) but for
g/ω0 = 2 (the ultra-strong-coupling regime).
where all relevant operators and parameters have the save
meaning as for the Tavis-Cummings model in the main
text. We notice that the Tavis-Cummings Hamiltonian
used in the main text can be obtained from the full Dicke
Hamiltonian (S13) in the weak-coupling regime g/ω0 
1, neglecting the counter-rotating terms a σ−i and a
† σ+i .
Since [H1,H0] 6= 0 during the protocol some energy is
injected via the modulation of the coupling λ(t) and this
process does not fall in the class of pure-energy-transfer
protocols. (See Ref. [S6] for a detailed discussion.) While
we are not explicitly studying this issue here, we show
that the main results of the main text apply also to the
Dicke model. We consider the same three initial optical
states considered in the main text. In Fig. S4 we can
clearly see that:
1) Coherent states are still optimal in minimizing
the amount of correlations between the charger A
and the battery B and hence maximize the ratio
E(N)B (τ)/E(N)B (τ). We note that the amount of en-
ergy locked in correlations can be bigger than in
the Tavis-Cummings case, due to the presence of
counter-rotating terms.
2) As explained in the main text, due to the conserva-
tion of the total angular momentum J2, we still
have the asymptotic freedoms from correlations,
namely E(N)B /E(N)B → 1 for N → ∞ also for the
Dicke model.
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